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Abstract 
We consider a discrete random walk on a diagonal lattice and obtain explicit solutions of 
absorption probabilities and probabilities of return in several domains. 
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1. Introduction   
 
Discrete random walks are studied in a number of standard books, see e.g.   Spitzer [5] and Feller [6]. 
Polya [1] was the first to observe that a walker is certain to return to his starting position in one and two 
dimensional symmetric discrete random walks while there exists a positive escape probability in higher 
dimensions. McCrea and Whipple [3] study simple symmetric random paths in two and three 
dimensions, starting in a rectangular lattice on the integers with absorbing barriers on the boundaries. 
After taking  limits they obtain probabilities of absorption in two and three dimensional lattices. 
Bachelor and Henry [7,8] use the McCrea-Whipple approach and find the exact solution for random 
walks in the triangular lattice with absorbing boundaries and for random walks on finite lattice tubes. 
In this paper we study random walks on a diagonal lattice. 
 
 2. Random walk on a diagonal lattice with absorbing boundaries in two dimensions 
 
2.1 Rectangular region. 
We define an interior ܫ of a rectangular region:  ܫ = {(݌, ݍ)|1 ≤ ݌ ≤ ݉, 1 ≤ ݍ ≤ ݊}. 
The boundary of this region is ܤ, which consist of absorbing barriers. 
We define ܨ(௔,௕)(݌, ݍ) as the expected number of departures from (p,q) when starting in the interior 
source (a,b) on a diagonal lattice. We’ll often use the abbreviation ܨ(݌, ݍ). 
We study a diagonal lattice, so we have for ܫ: 
ܨ(݌, ݍ) = ߜ௔,௣ߜ௕,௤ + ଵସ {ܨ(݌ + 1, ݍ + 1) + ܨ(݌ + 1, ݍ − 1) + ܨ(݌ − 1, ݍ + 1) + ܨ(݌ − 1, ݍ − 1)}        (1) 
and for ܤ: 
     ܨ(݌, ݍ) = 0                                 (2) 
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The difference equation (1) has solutions ܨ(݌, ݍ) = ܣ݁(௜௣ఈା௤ఉ)  where  ܿ݋ݏߙ. ܿ݋ݏℎߚ = 1, so we have 
solutions ܨ(݌, ݍ) = ܥ. ݏ݅݊ߙ݌. ݏ݅݊ℎߚݍ 
We can construct solutions of (1) and (2): 
ܨଵ(݌, ݍ) = ෍ܥ(ݎ)ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎݍߚ௥ݏ݅݊ℎ [(݊ + 1 − ܾ)ߚ௥௠
௥ୀଵ
]      (ݍ ≤ ܾ) 
ܨଶ(݌, ݍ) = ෍ܥ(ݎ)ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎܾߚ௥ݏ݅݊ℎ [(݊ + 1 − ݍ)ߚ௥௠
௥ୀଵ
]      (ݍ ≥ ܾ) 
where       ܿ݋ݏ
௥గ
௠ାଵ
ܿ݋ݏℎߚ௥ = 1 
We substitute these solutions in (1) and get: 
෍ܥ(ݎ)ݏ݅݊ ݌ݎߨ
݉ + 1௠
௥ୀଵ
൤ݏ݅݊ℎܾߚ௥ ݏ݅݊ℎ[(݊ + 1 − ܾ)ߚ௥]
−
12 ܿ݋ݏ ݎߨ݉ + 1 {ݏ݅݊ℎܾߚ௥ ݏ݅݊ℎ[(݊ − ܾ)ߚ௥] + ݏ݅݊ℎ [(ܾ − 1)ߚ௥]ݏ݅݊ℎ [(݊ + 1 − ܾ)ߚ௥]}൨= ߜ௔,௣ 
Using   ܿ݋ݏ
௥గ
௠ାଵ
ܿ݋ݏℎߚ௥ = 1 we get after some calculations:: 
෍ܥ(ݎ)ݏ݅݊ ݌ݎߨ
݉ + 1௠
௥ୀଵ
൤
12 ܿ݋ݏ ݎߨ݉ + 1 ݏ݅݊ℎܾߚ௥ ݏ݅݊ℎ[(݊ + 1)ߚ௥]൨ = ߜ௔,௣ 
Using   2
݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 = ߜ௔,௣௠
௥ୀଵ
 
we get: 
ܨଵ(݌, ݍ) = 4݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎݍߚ௥ݏ݅݊ℎ [(݊ + 1 − ܾ)ߚ௥]ݐܽ݊ℎߚ௥ݏ݅݊ℎ (݊ + 1)ߚ௥௠௥ୀଵ        (ݍ ≤ ܾ) 
ܨଶ(݌, ݍ) = 4݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎܾߚ௥ݏ݅݊ℎ [(݊ + 1 − ݍ)ߚ௥]ݐܽ݊ℎߚ௥ݏ݅݊ℎ (݊ + 1)ߚ௥௠௥ୀଵ     (ݍ ≥ ܾ) 
where      
ܿ݋ݏ
ݎߨ
݉ + 1 ܿ݋ݏℎߚ௥ = 1 
 
2.2 Semi infinite strip 
By taking ݊ → ∞ in the rectangular solution we get: 
ܨଵ(݌, ݍ) = 4݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎݍߚ௥݁ି௕ఉೝݐܽ݊ℎߚ௥௠௥ୀଵ        (ݍ ≤ ܾ) 
ܨଶ(݌, ݍ) = 4݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 ݏ݅݊ℎܾߚ௥݁ି௤ఉೝݐܽ݊ℎߚ௥௠௥ୀଵ     (ݍ ≥ ܾ) 
where       ܿ݋ݏ
௥గ
௠ାଵ
ܿ݋ݏℎߚ௥ = 1 
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2.3 Infinite strip 
By taking  ܾ, ݍ → ∞ ,   ݍ − ܾ = ݏ  finite, we get: 
ܨ(௔,଴)(݌, ݏ) = 2݉ + 1෍ݏ݅݊ ܽݎߨ݉ + 1 ݏ݅݊ ݌ݎߨ݉ + 1 ݁ି|௦|ఉೝݐܽ݊ℎߚ௥௠௥ୀଵ         
where       ܿ݋ݏ
௥గ
௠ାଵ
ܿ݋ݏℎߚ௥ = 1 
 
2.4 Half-plane 
By taking   ݉ → ∞ in the solution of the infinite strip we get: 
    ܨ(௔,଴)(݌, ݏ) = ଶగ ∫ ௦௜௡௔஛ ୱ୧୬୮஛ ୣష|౩|μ௧௔௡௛ఓగ଴  ݀λ                                (3) 
where       ܿ݋ݏλܿ݋ݏℎߤ = 1                                      (4) 
We prove this is the unique solution in the half-plane. 
First we prove that it is a solution: 
If |ݏ| ≥ 1 then substitute (3) in (1) and use (4). 
If ݏ = 0   then we again substitute (3) in (1) and get, using (4): 4ܨ(௔,଴)(݌, 0) − ܨ(௔,଴)(݌ + 1,1) − ܨ(௔,଴)(݌ + 1,−1) − ܨ(௔,଴)(݌ − 1,1) − ܨ(௔,଴)(݌ − 1,−1) = 
ଶ
గ
∫
௦௜௡௔஛ {ସ௦௜௡୮஛ିଶ[௦௜௡(୮ାଵ)஛ା௦௜௡ (୮ିଵ)஛]ୣషμ}
௧௔௡௛ఓ
గ
଴
 ݀λ = ଶ
గ
∫
௦௜௡௔஛ ௦௜௡୮஛{ସିସ௖௢௦஛ୣషμ}
௧௔௡௛ఓ
గ
଴
 ݀λ =
ଶ
గ
∫
௦௜௡௔஛ ௦௜௡୮஛{ସ௖௢௦௛μିସୣషμ}
௦௜௡௛ఓ
గ
଴
 ݀λ = ଼
గ
∫ ݏ݅݊ܽλ ݏ݅݊pλగ଴  ݀λ = 4ߜܽ,݌. 
That the solution is unique follows from arguments given in Feller [6] (p. 362). 
 
3. Random walk on a diagonal lattice with absorbing boundaries in three dimensions 
 
3.1 Block  
The interior is now defined by :  ܫ = {(݌, ݍ, ݎ)|1 ≤ ݌ ≤ ݈, 1 ≤ ݍ ≤ ݉, 1 ≤ ݎ ≤ ݊}. The boundary of this 
region is ܤ, which consist of absorbing barriers. We start in an interior point (ܽ, ܾ, ܿ) and define ܨ as in 
2.1, now 3-dimensional.  
We study a diagonal lattice, so we have for ܫ: 
ܨ(݌, ݍ, ݎ) = ߜ௔,௣ߜ௕,௤ߜ௖,௥+ {ܨ(݌ + 1, ݍ + 1, ݎ + 1) + ܨ(݌ + 1, ݍ + 1, ݎ − 1) + ܨ(݌ + 1, ݍ − 1, ݎ + 1)+ ܨ(݌ + 1, ݍ − 1, ݎ − 1) + ܨ(݌ − 1, ݍ + 1, ݎ + 1) + ܨ(݌ − 1, ݍ + 1, ݎ − 1)+ ܨ(݌ − 1, ݍ − 1, ݎ + 1) + ܨ(݌ − 1, ݍ − 1, ݎ − 1)} /8                                                 (5) 
and for ܤ:     ܨ(݌, ݍ, ݎ) = 0    
The difference equation (5) has solutions ܨ(݌, ݍ, ݎ) = ܣ݁(௜௣ఈభା௜௤ఈమା௥ఉ)  where  ܿ݋ݏߙଵܿ݋ݏߙଶܿ݋ݏℎߚ = 1, 
so we have solutions ܨ(݌, ݍ, ݎ) = ܥݏ݅݊ߙଵ݌ݏ݅݊ߙଶݍݏ݅݊ℎߚݎ 
Analogue to the two-dimensional case we find: 
ܨଵ(݌, ݍ, ݎ) = 8(݈ + 1)(݉ + 1)෍෍ݏ݅݊ ܽݏߨ݈ + 1 ݏ݅݊ ݌ݏߨ݈ + 1 ݏ݅݊ ܾݐߨ݉ + 1 ݏ݅݊ ݍݐߨ݉ + 1 ݏ݅݊ℎݎߚ௦௧ݏ݅݊ℎ [(݊ + 1 − ܿ)ߚ௦௧]ݐܽ݊ℎߚ௦௧ݏ݅݊ℎ (݊ + 1)ߚ௦௧௠௧ୀଵ௟௦ୀଵ  (ݎ ≤ ܿ) 
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  ܨଶ(݌, ݍ, ݎ) = 8(݈ + 1)(݉ + 1)෍෍ݏ݅݊ ܽݏߨ݈ + 1 ݏ݅݊ ݌ݏߨ݈ + 1 ݏ݅݊ ܾݐߨ݉ + 1 ݏ݅݊ ݍݐߨ݉ + 1 ݏ݅݊ℎܿߚ௦௧ݏ݅݊ℎ [(݊ + 1 − ݎ)ߚ௦௧]ݐܽ݊ℎߚ௦௧ݏ݅݊ℎ (݊ + 1)ߚ௦௧௠௧ୀଵ௟௦ୀଵ  (ݎ ≥ ܿ) 
 
where       ܿ݋ݏ
௦గ
௟ାଵ
ܿ݋ݏ
௧గ
௠ାଵ
ܿ݋ݏℎߚ௦௧ = 1 
 
3.2 Three dimensional diagonal lattice  
The solution in a 3-dimensional lattice can be obtained by taking ݈,݉,݊,ܽ, ܾ, ܿ,݌, ݍ, ݎ → ∞ in the block 
solution with ݌ − ܽ = ݑ, ݍ − ܾ = ݒ, ݎ − ܿ = ݓ finite: 
ܨ(଴,଴,଴)(ݑ, ݒ,ݓ) = 1ߨଶන න ܿ݋ݏݑλ cosvμ eି|୵|஘ݐܽ݊ℎߠగ଴గ଴  ݀λ ݀ߤ   
where      ܿ݋ݏλܿ݋ݏߤܿ݋ݏℎߠ = 1                                   
The proof that this is a solution is analogue to the 2-dimensional case. 
However the uniqueness needs some attention: following Spitzer [5] (p. 83) we have that the random 
walk is transient. Using a result of  [9] we have that the solution is unique. 
 
3.3 Probability of return in 3-dimensional regular and diagonal lattice 
We start with a regular walk in a 3-dimensional lattice (moving parallel to the axis).   
McCrea and Whipple [3] find that  the probability of return to the starting point is  1 − ଵ
ீ
 where  
ܩ = ଷ
గమ
∫ ∫
ଵ
௦௜௡௛ఏ
గ
଴
గ
଴  ݀λ ݀ߤ and ܿ݋ݏλ + ܿ݋ݏߤ + ܿ݋ݏℎߠ = 3. 
ܩ can be evaluated by using elliptic functions and numerical integration with result ܩ ≈ 1.53 and 1 − ଵ
ீ
≈ 0.34 
Using a result of Watson [2], Montroll [4] find that the probability of return to the starting point, still 
moving parallel to the axis, is  1 − ଵ
௨
≈ 0.340 537 330  where  ݑ = ଷ(ଶగ)య ∫ ∫ ∫ ௗ௫ௗ௬ௗ௭ଷି௖௢௦௫ି௖௢௦௬ି௖௢௦௭గ଴గ଴గ଴ ≈1.5163860591 
 
We now focus on the probability of return to the starting point in the diagonal case. 
This probability is 1 − ଵ
ி
 where  ܨ = ܨ(଴,଴,଴)(0,0,0) = ଵగమ ∫ ∫ ଵ௧௔௡௛ఏగ଴గ଴  ݀λ ݀ߤ  and   ܿ݋ݏλܿ݋ݏߤܿ݋ݏℎߠ = 1 
Using numerical integration we find:  ܨ ≈ 1.39 and 1 − ଵ
ி
≈ 0.28 
Montroll [4] uses a different approach. He observes that  many crystals appear as body centered 
lattices. The body centered lattice is composed of two interpenetrating simple cubic lattices with the 
points of one lattice being at the center of the cubes of the other lattice. The walker moves to one of its 
eight neighboring lattice points in the other lattice. After some calculations and using another result of 
Watson [2] he finds  the probability of return to the starting point in the diagonal case: 
 1 − ଵ
௨
≈ 0.282229985   where   ݑ = ଵ
గయ
∫ ∫ ∫
ௗ௫ௗ௬ௗ௭
ଵି௖௢௦௫௖௢௦௬௖௢௦௭
గ
଴
గ
଴
గ
଴ ≈ 1.3932039297 
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4. Random walk on a diagonal lattice with absorbing boundaries in n dimensions (n>3) 
 
Moving along the same lines as in the preceding sections we obtain in a n-dimensional diagonal lattice: 
ܨ(଴,…,଴)(ݑଵ, … ,ݑ௡) = 1ߨ௡ିଵන …න ∏ cos (ݑ௞௡ିଵ௞ୀଵ ߣ௞) eି|௨೙|ఒ೙ݐܽ݊ℎߣ௡గ଴గ଴  ݀ߣଵ …  ݀ߣ௡ିଵ  
where     coshߣ௡∏ ܿ݋ݏ௡ିଵ௞ୀଵ ߣ௞ = 1   
 
The probability of return to the starting point in the diagonal case is 1 − ଵ
ி
 where   
ܨ = ܨ(଴,…,଴)(0, … ,0) = 1ߨ௡ିଵන …න 1ݐܽ݊ℎߣ௡గ଴గ଴  ݀ߣଵ …  ݀ߣ௡ିଵ  
and     coshߣ௡∏ ܿ݋ݏ௡ିଵ௞ୀଵ ߣ௞ = 1   
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